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THE PERTURBATION OF THE SEIBERG-WITTEN EQUATIONS
REVISITED
MIKIO FURUTA AND SHINICHIROH MATSUO
Abstract. We introduce a new class of perturbations of the Seiberg-Witten
equations. Our perturbations offer flexibility in the way the Seiberg-Witten
invariants are constructed and also shed a new light to LeBrun’s curvature
inequalities.
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1. Introduction
The Seiberg-Witten invariants, or the monopole invariants, are invariants of
a smooth, closed, oriented 4-manifold X . When b+(X) is greater than 1 and a
homology orientation for X is fixed, they can be regarded as a map
SW: Spinc(X)→ Z,
where Spinc(X) denotes the set of isomorphism classes of spinc-structures on X .
They are defined, roughly speaking, by counting solutions to the Seiberg-Witten
equations on X . In this paper we will introduce a new class of perturbations of the
Seiberg-Witten equations.
Perturbations of these equations have played a prominent role in the interplay
between the invariant and the equations. A standard approach of defining the
invariant employs a generic self-dual 2-form to achieve transversality of the equa-
tions. Witten [19] deformed the equations by holomorphic 2-forms to show that
the invariants of a Kahler surface are completely described in terms of the complex
geometry of the surface. Taubes [17,18] introduced two classess of perturbations to
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prove spectacular results on symplectic 4-manifolds. Ozsva´th and Szabo´ [14] and
Mrowka, Ozsva´th, and Yu [13] used connections on the spinor bundle that do not
necessarily induce the Levi-Civita connection on the tangent bundle. Kronheimer
and Mrowka [5] introduced the blown-up Seiberg-Witten equations. Bauer [2] pro-
posed a “regularised monopole map”. For the other direction, LeBrun [8] considered
conformal transformations of the equations to obtain a simple proof of his celebrated
curvature inequalities. The purpose of this paper is to add a new class to the list.
The new perturbations, introduced in Section 2.2, are a natural consequence of
the Weitzenbo¨ck formulae for self-dual 2-forms and the Dirac operator; the key
estimate of the article is the inequality (7). This key inequality also leads us
to define an invariant λθ, which characterise the class of almost-Ka¨hler metrics
(Proposition 1). The perturbations involve the scalar curvature, the self-dual Weyl
curvature, and the invariant λθ. Our original motivation for modifying the Seiberg-
Witten equations in the light of new perturbations comes from LeBrun’s curvature
inequalities [10, 11], and we slightly improve them (Theorem 9) along with a new
proof of his original inequalities, which will be explained in Section 3.
Before describing our perturbations in detail, we illustrate them by a simple
one. We first set our conventions for it. Our notation basically follows that of [5].
Let (X, g) be a smooth, closed, oriented, Riemannian 4-manifold, and s a spinc-
structure on X . For simplicity, we assume that b+(X) > 1 in Introduction. We
denote the bundle of self-dual 2-forms by Λ+, the scalar curvature of g by Rg, and
the self-dual Weyl curvature of g by W+g . We recall that W
+
g at a point x ∈ X
may be viewed as a trace-free endomorphism W+g (x) : Λ
+
x → Λ+x of the self-dual
2-forms at x, and a Lipschitz continuous function wg : X → (−∞, 0] is defined by
its lowest eigenvalue. The spinc-structure s determines a triple (S+, S−, ρ), where
S± are Hermitian 2-plane bundles and ρ : T ∗X → Hom(S+, S−) is the Clifford mul-
tiplication. The determinant line bundle of s is denoted by det(s). The canonical
real-quadratic map is denoted by σ : S+ → Λ+, and satisfies the pointwise equality
|σ(Φ)|2 = |Φ|4/8. The self-dual part of the first Chern class c1(s) of the determinant
line bundle is denoted by c+1 (s). We adhere to the notational convention that, for
any real-valued function f : X → R, we define f+ : X → [0,∞) and f− : X → [0,∞)
by f+(x) := max(f(x), 0) and f−(x) := max(−f(x), 0) respectively. Our con-
vention differs from that of [11, p.287]. For example, Rg = (Rg)+ − (Rg)− and
|Rg| = (Rg)+ + (Rg)−. Note that f± might be only Lipschitz continuous even if f
is smooth. Let us also fix a smooth cut-off function β : [0,∞)→ [0, 2] that satisfies
β(t) ≤ 1/t for t ∈ [0,∞), β(t) = 1 for t ≪ 1, and β(t) = 1/t for t ≥ 1. Let ǫ > 0.
Now we can write down a simple version of our perturbed Seiberg-Witten equations
for a connection A on det(s) and a section Φ of S+:
(1)


DAΦ = 0
iF+A = −
1√
8
β(|σ(Φ)|)
[(
2
3
Rg + 2wg
)
−
+ ǫ
]
σ(Φ).
This perturbation can be obtained from (10) in Section 2.2 by setting sin θ = 1 and
ωˆ = 0 and using λθ ≥ 0. We will show in Section 2.3 and 2.4 that the moduli spaces
of solutions to these equations are always compact, and that the invariants defined
by them coincide with the Seiberg-Witten invariants. We thus deduce that, if a
spinc-structure s satisfies SW(s) 6= 0, then we have a solution to these perturbed
equations for every Riemannian metric g and any ǫ > 0. We now emphasise that
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this fact yields a quick proof of one of LeBrun’s curvature inequalities [11, Theorem
2.4]: For any spinc-structure s with SW(s) 6= 0, we have a solution (A,Φ) to (1)
for any ǫ > 0. Then, the second equation implies that
∫
X
|iF+A |2 dµg =
∫
X
∣∣∣∣∣− 1√8β(|σ(Φ)|)
[(
2
3
Rg + 2wg
)
−
+ ǫ
]
σ(Φ)
∣∣∣∣∣
2
dµg
≤ 1
8
∫
X
[(
2
3
Rg + 2wg
)
−
+ ǫ
]2
dµg,
where we have used β(|σ(Φ)|)|σ(Φ)| ≤ 1. The last inequality gives
4π2(c+1 (s))
2 ≤
∫
X
|iF+A |2 dµg ≤
1
8
∫
X
[(
2
3
Rg + 2wg
)
−
+ ǫ
]2
dµg
for any ǫ > 0, and hence we conclude that
(c+1 (s))
2 ≤ 1
32π2
∫
X
(
2
3
Rg + 2wg
)2
−
dµg ≤ 1
32π2
∫
X
(
2
3
Rg + 2wg
)2
dµg.
for any spinc-structure s with SW(s) 6= 0. We will also reprove in Section 3 that g
is almost Ka¨hler if c+1 (s) 6= 0 and equality holds.
2. The perturbed Seiberg-Witten equations
In this section we introduce our perturbations of the Seiberg-Witten equations
in full generality. Let (X, g) be a smooth, closed, oriented, Riemannian 4-manifold,
and s a spinc-structure on X . We denote the scalar curvature and the self-dual
Weyl curvature of g by Rg and W
+
g respectively. We define a Lipschitz continuous
function wg : X → (−∞, 0] to be the lowest eigenvalue of the trace-free endo-
morphism W+g (x) : Λ
+
x → Λ+x of the self-dual 2-forms at x. The spinc-structure
s determines a triple (S+, S−, ρ), where S± are Hermitian 2-plane bundles and
ρ : T ∗X → Hom(S+, S−) is the Clifford multiplication. The determinant line bun-
dle of s is denoted by det(s). The canonical real-quadratic map is denoted by
σ : S+ → Λ+, and satisfies the pointwise equality |σ(Φ)|2 = |Φ|4/8. Fix a reference
smooth connection A0 on det(s).
2.1. Weitzenbo¨ck formulae. We begin by proving some inequalities through
Weitzenbo¨ck formulae, which will be the key to everything that follows. Let
θ : X → (R/2πZ) be a smooth function. For brevity, we abbreviate sin θ and
cos θ as s and c respectively.
The Weitzenbo¨ck formula for self-dual 2-forms reads
(d+ d∗)2σ = ∇∗∇σ + 1
3
Rgσ − 2W+(σ, ·),
and it implies that
(2) ∫
X
|(d+ d∗)(sσ)|2 dµg =
∫
X
[|∇(sσ)|2 + 1
3
Rg|sσ|2 − 2W+g (sσ, sσ)
]
dµg
=
∫
X
[
c2|dθ ⊗ σ|2 + s2|∇σ|2 + 2cs(dθ ⊗ σ,∇σ) + 1
3
s2Rg|σ|2 − 2s2W+g (σ, σ)
]
dµg
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for any smooth self-dual 2-form σ. We have
(3)
∫
X
|∇(cσ)|2 dµg =
∫
X
[
s2|dθ ⊗ σ|2 + c2|∇σ|2 − 2cs(dθ ⊗ σ,∇σ)] dµg
for any smooth self-dual 2-form σ. These two equalities (2) and (3) combine to give
(4)
∫
X
|(d+ d∗)(sσ)|2 dµg +
∫
X
|∇(cσ)|2 dµg
=
∫
X
[|dθ|2|σ|2 + 1
3
s2Rg|σ|2 − 2s2W+g (σ, σ)
]
dµg +
∫
X
|∇σ|2 dµg
≤
∫
X
[|dθ|2|σ|2 + 1
3
s2Rg|σ|2 − 2s2wg |σ|2
]
dµg +
∫
X
|∇σ|2 dµg
for any smooth self-dual 2-form σ.
On the other hand, the Weitzenbo¨ck formula for the Dirac operator reads
(D∗ADAΦ,Φ) =
1
2
∆g|Φ|2 + |∇AΦ|2 + 1
4
Rg|Φ|2 + 2(−iF+A , σ(Φ)),
and it implies
(5)
∫
X
(DAΦ, DA(|Φ|2Φ)) dµg
=
∫
X
[|Φ|2|∇AΦ|2 + 1
2
|∇|Φ|2|2 + 1
4
Rg|Φ|4 − 2(iF+A , |Φ|2σ(Φ))
]
dµg
for any smooth connection A on det(s) and any smooth section Φ of S+. Note
that the particular self-dual 2-form σ = σ(Φ) for a section Φ of S+ satisfies the
pointwise “log Kato inequality”
|∇σ(Φ)|
|σ(Φ)| ≤ 2
|∇AΦ|
|Φ| ,
and our convention is |σ(Φ)|2 = |Φ|4/8; hence (5) can be rewritten in the form
(6)
∫
X
|∇σ|2 dµg
≤
∫
X
[− 2|∇|σ||2 −Rg|σ|2 + (√8iF+A , |σ|σ) + 12(DAΦ, DA(|Φ|2Φ))] dµg
for any smooth connection A on det(s), any smooth section Φ of S+, and σ := σ(Φ).
Now we piece (4) and (6) together to obtain
(7)
∫
X
|(d+ d∗)(sσ)|2 dµg +
∫
X
|∇(cσ)|2 dµg + 2
∫
X
|∇|σ||2 dµg
≤
∫
X
−[(1 − s2/3)Rg + 2s2wg − |dθ|2]|σ|2 dµg +
∫
X
(
√
8iF+A , |σ|σ) dµg
+
1
2
∫
X
(DAΦ, DA(|Φ|2Φ)) dµg
for any smooth connection A of S+, any smooth section Φ of S+, and σ := σ(Φ).
This inequality will play a pivotal role in the sequel. The inequality (7) leads us to
define a non-negative constant λθ by
(8) λθ := inf
{‖(d+ d∗)(sσ)‖22 + ‖∇(cσ)‖22 + 2‖∇|σ|‖22
‖σ‖22
| 0 6= σ ∈ L21(Λ+)
}
,
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and a Lipschitz function Kθ or K on X by
Kθ :=
(
1− 1
3
sin2 θ
)
Rg + 2(sin
2 θ)wg − |dθ|2 + λθ.
The inequality (7) can be reformulated in terms of Kθ as
(9)
∫
X
Kθ|σ|2 dµg ≤
∫
X
(
√
8iF+A , |σ|σ) dµg +
1
2
∫
X
(DAΦ, DA(|Φ|2Φ)) dµg
for any smooth connection A on det(s), any smooth section Φ of S+, and σ := σ(Φ).
We observe that σ = σ(Φ) is in L21 for any L
p
1,A0
-section Φ of S+ with p > 4;
therefore, the inequality (9) holds for any Lp1,A0-connection on det(s) and any L
p
1,A0
-
section of S+.
The invariant λθ characterises the class of almost-Ka¨hler metrics.
Proposition 1. Let (X, g) be a smooth, closed, oriented, Riemannian 4-manifold,
and θ : X → (R/2πZ) a smooth function. Then, λθ = 0 if and only if g is almost
Ka¨hler and θ is a constant function. Moreover, if cos θ > 0, then g is Ka¨hler.
Proof. Assume λθ = 0. Then, there exists a sequence {σj} of g-self-dual 2-forms
such that σj ∈ L21, ‖σj‖2 = 1, and
‖(d+ d∗)(sσj)‖22 + ‖∇(cσj)‖22 + 2‖∇|σj |‖22 ≤
1
j
(‖sσj‖22 + ‖cσj‖22),
where s = sin θ and c = cos θ. In particular, σj are uniformly L
2
1-bounded by
(2) and (3). Thus, there exists a 2-form σ∞ such that σj strongly L
2-converges
to σ∞, and (d + d
∗)(sσj) and ∇(cσj) strongly L2-converge to (d + d∗)(sσ∞) and
∇(cσ∞) respectively. It follows, therefore, that ‖(d + d∗)(sσ∞)‖22 + ‖∇(cσ∞)‖22 +
2‖∇|σ∞|‖22 = 0, and elliptic estimates show that σ∞ is a non-trivial smooth g-self-
dual 2-form. Consequently, θ is a constant function and σ∞ is a symplectic form
compatible with g. Moreover, if cos θ > 0, then σ∞ is g-parallel and g is Ka¨hler.
The converse is clear. 
2.2. Perturbations. We next explain in full generality our perturbations of the
Seiberg-Witten equations. Let θ : X → (R/2πZ) be a smooth function, and we
abbreviate sin θ and cos θ as s and c respectively. The non-negative constant λθ is
defined by (8). Recall that Kθ or K stand for (1 − s2/3)Rg + 2s2wg − |dθ|2 + λθ,
and that K± denotes max(±K, 0). Fix a smooth cut-off function β : [0,∞)→ [0, 2]
that satisfies β(t) ≤ 1/t for t ∈ [0,∞), β(t) = 1 for t ≪ 1, and β(t) = 1/t for
t ≥ 1. Let ωˆ be a (not necessarily continuous) g-self-dual 2-form with ‖ωˆ‖∞ ≤ 1,
and ǫ > 0. We now consider the following perturbed Seiberg-Witten equations for
a connection A on det(s) and a section Φ of S+
(10)
{
DAΦ = 0√
8iF+A = −β(|σ(Φ)|)(K− + ǫ)σ(Φ) +K+ωˆ.
A solution (A,Φ) of (10) is called reducible if Φ = 0. The gauge groupMap(X,U(1))
acts on the set of solutions. We remark that, by the choice of β,
β(|σ(Φ)|) · |σ(Φ)| ≤ 1
at each point.
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We then set up suitable function spaces to define moduli spaces of solutions to
(10). Since we have allowed ωˆ to be of just L∞, it is not expected that solutions
are smooth. We pick a p > 4 and a smooth connection A0 on det(s), and define
C := {(A,Φ) | A−A0 ∈ Lp1 and Φ ∈ Lp1,A0}
and
G := {u : X → C | u ∈ Lp2 and |u| = 1}.
The gauge group G is a Banach Lie group acting smoothly on the configuration
space C. Let B := C/G, and write [A,Φ] for the orbit of (A,Φ) under G. We then
define the moduli space M(θ, ωˆ, ǫ) to be
M(θ, ωˆ, ǫ) := {[A,Φ] ∈ B | (10) holds.}.
Our moduli spaces are always compact, which will be proved in the next section.
2.3. Compactness. In this section we prove that moduli spaces for the perturbed
Seiberg-Witten equations (10) are compact. The main idea that underlies our
proof is to convert quantitative estimates in LeBrun [11] to a qualitative property
of compactness of moduli spaces. Fix a smooth function θ : X → (R/2πZ), a g-self-
dual 2-form ωˆ with ‖ωˆ‖∞ ≤ 1, and a constant ǫ > 0, and we consider the perturbed
Seiberg-Witten equations (10) for these θ, ωˆ, and ǫ throughout this section.
We first observe that the L∞-bound on F+A is immediate.
Proposition 2. Any Lp1-solution (A,Φ) of (10) satisfies the L
∞-bound
‖F+A ‖∞ ≤
1√
8
(‖K‖∞ + ǫ).
Proof. The second equation of (10) implies the following pointwise inequalities∣∣∣√8iF+A ∣∣∣ = |−β(|σ(Φ)|)(K− + ǫ)σ(Φ) +K+ωˆ|
≤ (K− + ǫ) · |β(|σ(Φ)|)σ(Φ)| +K+ · |ωˆ|
≤ K− + ǫ+K+ = |K|+ ǫ,
where we have used β(|σ(Φ)|)|σ(Φ)| ≤ 1, ‖ωˆ‖∞ ≤ 1, and |K| = K+ +K−. 
We next derive the L4-bound on Φ via the inequality (9).
Proposition 3. Any Lp1-solution (A,Φ) of (10) satisfies the L
4-bound∫
X
|Φ|4 dµg ≤ 8
(
1 +
maxK−
ǫ
)
Vol(X, g).
Proof. We abbreviate σ(Φ) as σ. The equations (10) and the inequality (9) combine
to yield
(11)
∫
X
(K+ −K−)|σ|2 dµg ≤
∫
X
(− β(|σ|)(K− + ǫ)σ +K+ωˆ, |σ|σ) dµg
≤
∫
X
−β(|σ|)|σ| · (K− + ǫ)|σ|2 dµg +
∫
X
K+|σ|2 dµg,
where we have used ‖ωˆ‖∞ ≤ 1 and K = K+−K−. Rearranging these inequalities,
we have ∫
X
β(|σ|)|σ| · (K− + ǫ)|σ|2 dµg ≤
∫
X
K−|σ|2 dµg.
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Since β(|σ|)|σ| = 1 at every point where |σ| ≥ 1, we have
ǫ
∫
|σ|≥1
|σ|2 dµg ≤
∫
|σ|≤1
K−|σ|2 dµg.
Consequently, we obtain∫
X
|σ|2 dµg =
∫
|σ|≤1
|σ|2 dµg +
∫
|σ|≥1
|σ|2 dµg
≤
∫
|σ|≤1
|σ|2 dµg + 1
ǫ
∫
|σ|≤1
K−|σ|2 dµg.
The desired estimate follows. 
It is now straightforward to show that our moduli spaces are compact.
Theorem 4. Let (X, g) be a smooth, closed, oriented, Riemannian 4-manifold, and
s a spinc-structure on X. Fix a p > 4. For any smooth function θ : X → (R/2πZ),
any g-self-dual 2-form ωˆ with ‖ωˆ‖∞ ≤ 1, and any ǫ > 0, the moduli spaceM(θ, ωˆ, ǫ)
for the perturbed Seiberg-Witten equations (10) is compact.
Proof. Proposition 2 gives the Lp1-bound on A in an appropriate gauge for any p.
Then, Proposition 3 and the first equation gives the L41,A0-bound on Φ, and it again
gives L42,A0-bound on Φ. In particular, we obtain the L
q-bound on Φ for any q. The
first equation finally provides the Lp1,A0-bound on Φ. Compactness of M(θ, ωˆ, ǫ)
follows. 
Actually, we have proved more.
Theorem 5. Let (X, g) be a smooth, closed, oriented, Riemannian 4-manifold, and
s a spinc-structure on X. Fix a p > 4 and a smooth function θ : X → (R/2πZ).
Let F : X × [0,∞) → R be a L∞-function, and η a (not necessarily continuous)
g-self-dual 2-form. Assume that |η(x)| ≤ (Kθ)+(x) for any x ∈ X, and that there
exist a constant T > 0, κ > 0, and δ > 0 such that
κ ≥ tF (x, t) ≥
{
0 if (x, t) ∈ X × [0, T ]
(Kθ)−(x) + δ if (x, t) ∈ X × [T,∞).
Consider the following perturbed Seiberg-Witten equations
(12)
{
DAΦ = 0√
8iF+A = −F (x, |σ(Φ)|)σ(Φ) + η.
Then, the moduli spaces of Lp1-solutions to (12) are compact. Every L
p
1-solution to
(12) is smooth if both F and η are smooth.
The equations (10) can be recovered from (12) by setting F (x, t) := β(t)(K−(x)+
ǫ) and η := K+ωˆ.
Remark 6. Sung [16, Theorem 3.4] has discovered that there exist an almost-Ka¨hler
metric gh on T
2 × Σ, where T 2 is a torus and Σ is a closed Riemannian surface of
genus greater than 1, and a constant δ′ > 1 such that∫
X
((1 − δ′/3)Rgh + 2δ′wgh)2 dµgh < 32π2(c+1 (T 2 × Σ))2.
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This example illustrates that, for any ǫ > 0, there exists an ǫ′ ∈ (0, ǫ] such that the
moduli space of solutions to the following equations on (T 2 × Σ, gh){
DAΦ = 0√
8iF+A = −β(|σ(Φ)|)
[
(1− δ′/3)Rgh + 2δ′wgh )− + ǫ′
]
σ(Φ)
is not compact. See also [6, Theorem 4.3] and [7].
2.4. Invariants. In this section we show that the invariant defined by the per-
turbed Seiberg-Witten equations (10) coincides with the Seiberg-Witten invariant.
Ruan’s virtual neighbourhood technique [15] (cf. [3, Proposition 3.3]) works for
the perturbed Seiberg-Witten equations (10) because we have shown in Theorem 4
that their moduli spaces M(θ, ωˆ, ǫ) are always compact, and we can thus extract
integer-valued invariants from M(θ, ωˆ, ǫ). We remark that, if b1(X) > 0, we con-
sider a Banach bundle over the Picard torus and need a C1-partition of unity in
Lp1, which always exists (see [4], for example).
We next show that the invariant defined by the perturbed Seiberg-Witten equa-
tions (10) coincides with the Seiberg-Witten invariant. If b+(X) = 1, then the
Seiberg-Witten invariant depends on a chamber structure in the space of g-self-
dual 2-forms Ω+g (X); in this case, we assume that the perturbed Seiberg-Witten
equations (10) does not admit any reducible solutions and we only consider Seiberg-
Witten invariants for a chamber that contains K+ωˆ.
Theorem 7. Let (X, g) be a smooth, closed, oriented, Riemannian 4-manifold,
and s a spinc-structure on X. Fix a p > 4, a smooth function θ : X → (R/2πZ), a
g-self-dual 2-form ωˆ with ‖ωˆ‖∞ ≤ 1, and an ǫ > 0. If b+(X) = 1, we assume that
the perturbed Seiberg-Witten equations (10) does not admit any reducible solutions.
Then, the Seiberg-Witten invariant coincides with the invariant defined by (10).
Proof. Let C be a positive constant larger than 100(‖η‖∞+‖Rg‖∞) and (‖K−‖∞+
1/100), and η a smooth 2-form that satisfies |η(x)| ≤ K+(x) for any x ∈ X and
belongs to the same chamber as K+ωˆ.
We first note that, via rescaling gˆ = (C/
√
8)−2g, an Lp1-solution to the Seiberg-
Witten equations
(13)


DAΦ = 0
iF+A = −σ(Φ) +
1√
8
η
with respect to gˆ and s is put into one-to-one correspondence with an Lp1-solution
to the perturbed Seiberg-Witten equations
(14)
{
DAΦ = 0√
8iF+A = −Cσ(Φ) + η
with respect to g and s. If (10) does not admit any reducible solutions, then
neither (13) nor (14) admits any reducible ones. In particular, the Seiberg-Witten
invariant, which is defined by (13), coincides with the invariant defined by (14).
Since η is smooth, any Lp1-solution (A,Φ) to (14) is smooth; hence, the maxi-
mum principle yields ‖σ(Φ)‖∞ ≤ 1. Consequently, each Lp1-solution (A,Φ) to (14)
THE PERTURBATION OF THE SEIBERG-WITTEN EQUATIONS REVISITED 9
satisfies the following perturbed Seiberg-Witten equations
(15)
{
DAΦ = 0√
8iF+A = −Cγ(|σ(Φ)|)σ(Φ) + η,
where γ : [0,∞) → [0, 1] is a smooth cut-off function with γ(t) = 1 for t ≤ 1 and
1/2t ≤ γ(t) ≤ 2/t for 1 ≤ t. Any Lp1-solution (A,Φ) to (15) is also smooth; hence,
the maximum principle again ‖σ(Φ)‖∞ ≤ 1. Consequently, each Lp1-solution to (15)
satisfies (14). In particular, the invariant defined by (14) coincides with the one
defined by (15).
A pair (F, η) with F (x, t) := Cγ(t) satisfies the assumption of Theorem 5. Take
a path of pairs (Ft, ηt) from (10) to (15), each of which satisfies the assumptions
of Theorem 5. Ruan’s virtual neighbourhood technique again works for (12) with
(Ft, ηt), and the invariant defined by (10) coincides with the one defined by (15).
The theorem follows. 
3. LeBrun’s curvature inequalities
In this section we give yet another proof of LeBrun’s curvature inequalities [6,
9–12]. The non-negative constant λθ is defined by (8). Recall that Kθ or K stand
for (1− s2/3)Rg + 2s2wg − |dθ|2 + λθ and that K± denotes max(±K, 0).
Theorem 8. Let (X, g) be a smooth, closed, oriented, Riemannian 4-manifold
with b+(X) > 0 and s a spinc-structure on X; in case b+(X) = 1, we assume that
c+1 (s) 6= 0. If SW(s) 6= 0, then we have
32π2(c+1 (s))
2 ≤
∫
X
[(
(1− sin2 θ/3)Rg + 2(sin2 θ)wg − |dθ|2 + λθ
)
−
]2
dµg.
for any smooth function θ : X → (R/2πZ).
Proof. By assumption, we have a solution (A,Φ) to the perturbed Seiberg-Witten
equations {
DAΦ = 0√
8iF+A = −β(|σ(Φ)|)(K− + ǫ)σ(Φ)
for any ǫ > 0. The second equation implies that∫
X
|
√
8iF+A |2 dµg =
∫
X
|−β(|σ(Φ)|)(K− + ǫ)σ(Φ)|2 dµg
≤
∫
X
(K− + ǫ)
2 dµg.
We have, thus,
32π2(c+1 (s))
2 ≤
∫
X
|
√
8iF+A |2 dµg ≤
∫
X
(K− + ǫ)
2 dµg
for any ǫ > 0. The desired inequality follows. 
Theorem 9. Let (X, g) be a smooth, closed, oriented, 4-manifold, and ω a g-self-
dual harmonic 2-form. Let s be a spinc-structure on X with SW(s) 6= 0; in case
b+(X) = 1, we consider a chamber that contains K+ω/|ω|. Then, we have∫
X
(
(1− sin2 θ/3)Rg + 2(sin2 θ)wg − |dθ|2 + λθ
) |ω|g√
2
dµg ≤ 4πc1(s) · [ω]
for any smooth function θ : X → (R/2πZ).
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Proof. We define ωˆ(x) := ω(x)/|ω(x)| for x ∈ X and adopt the convention that
ωˆ = 0 at a point where ω = 0. Then, ωˆ is a g-self-dual 2-form with ‖ωˆ‖∞ ≤ 1.
By assumption, we have a solution (A,Φ) to the perturbed Seiberg-Witten equa-
tions
(16)
{
DAΦ = 0√
8iF+A = −β(|σ(Φ)|)(K− + ǫ)σ(Φ) +K+ωˆ
for any ǫ > 0. The second equation implies that∫
X
√
8iF+A ∧ ω =
∫
X
[−β(|σ(Φ)|)(K− + ǫ)σ(Φ) +K+ωˆ] ∧ ω
= −
∫
X
β(|σ(Φ)|)(K− + ǫ)σ(Φ) ∧ ω +
∫
X
K+ωˆ ∧ ω.
Since (K− + ǫ) ≥ 0 and β(|σ(Φ)|) ≥ 0, the Cauchy-Schwartz inequality yields that
−
∫
X
β(|σ(Φ)|)(K− + ǫ)σ(Φ) ∧ ω ≥ −
∫
X
β(|σ(Φ)|)(K− + ǫ)|σ(Φ)| · |ω| dµg
≥ −
∫
X
(K− + ǫ)|ω| dµg.
Since ω is g-self-dual harmonic, we have∫
X
K+ωˆ ∧ ω =
∫
X
K+
(ω, ω)
|ω| dµg =
∫
X
K+|ω| dµg
and ∫
X
√
8iF+A ∧ ω =
∫
X
√
8iFA ∧ ω = 4
√
2πc1(s) · [ω].
Consequently, we have
4
√
2πc1(s)· [ω] ≥ −
∫
X
(K−+ǫ)|ω| dµg+
∫
X
K+|ω| dµg =
∫
X
K|ω| dµg−ǫ
∫
X
|ω| dµg
for any ǫ > 0. The desired inequality follows. 
Since we always have λθ ≥ 0, we can recover the following curvature inequality
of LeBrun by taking θ as a constant function with sin2 θ = δ.
Corollary 10 (LeBrun). Let (X, g) be a smooth, closed, oriented, 4-manifold, and
ω a non-trivial g-self-dual harmonic 2-form. Let s be a spinc-structure on X with
SW(s) 6= 0; in case b+(X) = 1, we consider a chamber that contains K+ω/|ω|.
Then, we have ∫
X
((1 − δ/3)Rg + 2δwg) |ω|g√
2
dµg ≤ 4πc1(s) · [ω]
for any δ ∈ [0, 1].
We now proceed to examine when equality holds in Corollary 10. We first give
a quick proof that g is almost-Ka¨hler if equality holds in Corollary 10 and [ω] 6= 0.
If equality holds in Corollary 10, then Theorem 9 implies that∫
X
((1 − δ/3)Rg + 2δwg + λθ) |ω|g√
2
dµg ≤
∫
X
((1− δ/3)Rg + 2δwg) |ω|g√
2
dµg,
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where we have used dθ = 0. Since λθ ≥ 0, we have
λθ
∫
X
|ω| dµg = 0.
If [ω] 6= 0, we obtain λθ = 0. Consequently, by Proposition 1, it follows that g is
almost Ka¨hler and that g is Ka¨hler if cos2 θ = 1− δ > 0.
Theorem 11 (LeBrun). Let (X, g) be a smooth, closed, oriented, 4-manifold, and
ω a non-trivial g-self-dual harmonic 2-form. Let s be a spinc-structure on X with
SW(s) 6= 0; in case b+(X) = 1, we consider a chamber that contains K+ω/|ω|.
Equality holds in Corollary 10 if and only if g is almost Ka¨hler and ω is a positive
constant multiple of the compatible symplectic form of g. Moreover, if δ < 1, then
g is Ka¨hler.
Proof. Assume that equality holds in Corollary 10. Let θ be a constant function
on X with sin2 θ = δ. As shown above, λθ = 0, and K = (1 − δ/3)Rg + 2δwg.
Let ǫj = 1/j. By assumption, for each j, we have a solution (Aj ,Φj) to (16) with
ǫ = ǫj . We abbreviate σ(Φj) as σj and β(|σ(Φj)|) as βj .
We first show that Φj does not strongly L
p-converge to 0 as j → ∞. If it
does, then, after passing to a subsequence (still denoted by j) if necessary, (Aj ,Φj)
converges weakly to a reducible solution to (16) with ǫ = 0, which contradicts our
assumption. Consequently, ‖σj‖2 is uniformly bounded from below.
We next show that (1 − βj |σj |)K−|σj | strongly L1-converges strongly to 0 as
j →∞. Equality in Corollary 10 implies, as in the proof of Theorem 9, that
(17)
∫
X
K−|ω| dµg ≤
∫
X
βj(K− + ǫj)σj ∧ ω
≤
∫
X
βj(K− + ǫj)|σj ||ω| dµg ≤
∫
X
(K− + ǫj)|ω| dµg.
Rearranging these inequalities, we obtain
0 ≤
∫
X
(1 − βj|σj |)K−|ω| dµg ≤ ǫj
∫
X
|ω| dµg.
Therefore, (1 − βj |σj |)K−|ω| strongly L1-converges to 0; after passing to a subse-
quence (still denoted by j) if necessary, (1 − βj |σj |)K−|ω| converges to 0 almost
everywhere. Since the nodal set of the non-trivial harmonic form ω is of Lebesgue
measure zero [1, Corollary 1], it follows that (1−βj |σj |)K− converges to 0 almost ev-
erywhere. Although |σj |might be unbounded as j →∞, we have (1−βj|σj |)|σj | = 0
at each point where |σj | ≥ 1 by our choice of β; hence, 0 ≤ (1−βj|σj |)|σj |K− ≤ K−.
In summary, (1 − βj |σj |)K−|σj | is uniformly bounded and converges to 0 almost
everywhere; consequently, it strongly L1-converges to 0 by the Lebesgue dominated
convergence theorem.
The inequality (7) implies that
2
∫
X
|∇|σj ||2 dµg ≤
∫
X
(1− βj |σj |)K−|σj | dµg.
Thus, ∇|σj | strongly L2-converges to 0. Now the inequality (7) again implies, after
passing to a subsequence (still denoted by j) if necessary, σˆj := σj/|σj | strongly L21-
converges to a non-trivial smooth g-self-dual harmonic 2-form σˆ∞ with pointwise
unit length; it is g-parallel if δ < 1. The inequality (17) shows that (σˆ∞, ω) =
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|σˆ∞||ω| at any point in X ;therefore, σˆ∞ is a positive constant multiple of ω. The
theorem follows. 
Remark 12. Let us mention how various curvature inequalities are derived from
Corollary 10. Setting δ = 0 yields [12, Theorem 3], and setting δ = 1 does [9,
Theorem 3.3]. Considering [ω] = −c+1 (s) and using the Cauchy-Schwartz inequality,
we obtain
32π2(c+1 (s))
2 ≤
∫
X
((1 − δ/3)Rg + 2δwg)2 dµg,
which is equivalent to [6, Theorem 4]. Then, setting δ = 0 gives [10, Theorem 2],
and setting δ = 1 does [11, Theorem 2.4].
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